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A symmetry-projeted variational approah to the 1-dimensional Hubbard-model
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he Physik der Universität Tübingen,
Auf der Morgenstelle 14, D-72076 Tübingen, Germany
We apply a variational method devised for the nulear manybody problem to the 1-dimensional
Hubbardmodel with nearest neighbor hopping and periodi boundary onditions. The test wave
funtion onsist for eah state out of a single HartreeFok determinant mixing all the sites (or
momenta) as well as the spinprojetions of the eletrons. Total spin and linear momentum are
restored by projetion methods before the variation. It is demonstrated that this approah repro-
dues the results of exat diagonalisations for halflled N = 12 and N = 14 latties not only for
the energies and oupation numbers of the ground but also of the lowest exited states rather well.
Furthermore, a system of 10 eletrons in a N = 12 lattie is investigated and, nally, a N = 30
lattie is studied. In addition to energies and oupation numbers we present the spetral funtions
omputed with the help of the symmetryprojeted wave funtions, too. Also here nie agreement
with the exat results (where available) is reahed.
PACS numbers: 71.10.Fd, 21.60.-n
Keywords: Lattie fermion models, Nulearstruture models and methods
I. INTRODUCTION
Consider a nite number of N idential Fermions in a model spae dened by some nite number M of suitably
hosen orthonormal single Fermion basis states. Assume furthermore, that the eetive Hamiltonian of these Fermions
appropriate for this model spae is known. Then, at least in priniple, this manyFermion problem is exatly solvable.
One only has to distribute the N Fermions over the M orbitals aording to the Pauli priniple, i.e., onstrut all
possible Slaterdeterminants, and then to diagonalize the known Hamiltonian in the resulting onguration spae of
dimension
(
M
N
)
.
The nulear shellmodel (see [1℄ for a reent review and referenes therein) is one realization of this sheme. In order
to desribe ground-state and low energy exited states of a nuleus Zv valene protons and Nv valene neutrons are
distributed overMp andMn single-partile basis states and a suitably hosen eetive Hamiltonian is then diagonalized
in the resulting onguration spae. The dimension of this onguration spae whih is
(
Mp
Zv
) · (MnNv ), an, however,
be redued onsiderably, if use is made of the symmetries of the eetive Hamiltonian. So, e.g., the eetive nulear
manybody Hamiltonian is a salar in normal spae and thus does neither mix states with dierent total angular
momentum nor with dierent zprojetions of the latter. Furthermore, negleting weak interations, parity beomes
a good quantum number, too. Consequently, the above Slaterdeterminants an always be oupled to ongurations
with denite parity and angular momentum quantum numbers and the Hamiltonian an then be diagonalized in the
muh smaller onguration spaes orresponding to suh a symmetry representation. However, even if use is made of
all the symmetries, in general the dimensions are far too large to be numerially tratable. Thus in most ases one
has to rely on approximate methods, whih trunate the omplete shellmodel expansion of the wave funtions to a
numerially feasible number of ongurations. How this an be done without loosing the essential degrees of freedom
being relevant for any partiular state under onsideration is the entral question of nulear struture physis.
The Hubbardmodel, a shemati model developed to desribe some basi features of solid state physis, is another
example for the sheme outlined above. In this ase Ne eletrons are distributed over the N sites of a lattie and
the orresponding modelHamiltonian is then diagonalized within the resulting onguration spae (see, e.g. [2℄ and
referenes therein). Again, the dimension of this onguration spae inreases drastially with the number of lattie
points N and again, even if all the available symmetries are used, the dimensions are in general far too large to allow
for an exat solution. Thus again approximate methods are asked for and rather suessful ones have been developed
within the past [2℄. The aim of the present study is to adopt an approximation sheme, whih has suessfully been
applied in nulear physis, and apply it to the Hubbard model to test its eieny for this system.
One of the most suessful trunation approahes to the nulear manybody problem has been addressed in a reent
review artile [3℄. It works with general HartreeFokBogoliubov ongurations, breaking all the symmetries required
by the eetive nulear manybody Hamiltonian, as basi building bloks. These symmetries are restored with the
help of projetion tehniques and the underlying HFBtransformations as well as the ongurationmixing are then
determined by variational alulations. In quantum hemistry suh kind of approahes are alled unrestrited self-
onsistent eld approximations with variation after projetion and it is known that eletroni orrelations an be
aounted for this way by breaking symmetries [4℄.
2Here we want to address the question how well the symmetry projeted variational approah will perform when
applied to the Hubbard model. For simpliity we shall restrit ourselves to the 1dimensional Hubbard model and use
only general HartreeFok instead of HartreeFokBogoliubov ongurations in the symmetry projeted variational
approah. As a test we will determine energies and single-partile spetral funtions and ompare the results to exat
results for ases, for whih the exat diagonalization an be done. We will also demonstrate the feasibility of the
symmetry projeted variational approah for ases, whih annot be solved by brute fore diagonalization.
We present the relevant formalism in se. II. We start with a short sketh of the 1dimensional Hubbard model
with nearest neighbor hopping and periodi boundary onditions in se. II A. In se. II B we shall then derive the
variational equations for the HartreeFok approah with spin and linear momentumprojetion before the variation
for the ground as well as for the exited states of the onsidered system. How to alulate the orresponding (hole a
well as partile) spetral funtions is disussed in se. II C. Se. III ontains some general properties of the Hubbard
model and presents then the results obtained within the variational approah for halflled N = 12, N = 14 and
N = 30latties. Where possible these results are ompared with those of omplete diagonalisations. Furthermore,
some results for a 10 eletron system in a N = 12 lattie are presented. Finally, some onlusions and an outlook are
given in se. IV.
II. THEORY
A. The 1-dimensional Hubbardmodel
In its simplest version [2℄ the eetive Hamiltonian of the 1-dimensional Hubbardmodel has the form
Hˆ ≡ −t
N∑
j=1
+1/2∑
σ=−1/2
{
cˆ†j+1σ cˆjσ + cˆ
†
jσ cˆj+1σ
}
+ U
N∑
j=1
cˆ†j↑cˆ
†
j↓cˆj↓cˆj↑ . (1)
Here the operator cˆ†jσ reates from the partile vauum |0〉 an eletron with spinprojetion σ = ±1/2 along an
arbitrary hosen quantization axis on the site j (j = 1, . . . , N), the orresponding annihilator cˆjσ destroys suh an
eletron. Obviously, these operators fulll the standard antiommutation relations for Fermionoperators{
cˆ†jσ, cˆj′ σ′
}
≡ cˆ†jσ cˆj′ σ′ + cˆj′ σ′ cˆ†jσ = δj, j′ δσ, σ′ . (2)
The Hamiltonian (1) simulates a system of eletrons in a periodi potential, in whih eah of the N potential wells is
supposed to have only a single bound eletron state, whih an be oupied by at most two eletrons with opposite
spindiretions. In ase that two eletrons are oupying the same state, they feel the repulsive Coulombinteration
(U > 0). Furthermore, eah eletron may tunnel to the neighboring well (if the orresponding site is not already
lled by an eletron with the same spinprojetion). This soalled nearestneighborhopping is desribed by the
hopping parameter t > 0. As usual, all energies are measured in units of this parameter and N is supposed to be
an even integer. One furthermore assumes periodi boundary onditions, i.e. the sites N + 1 and 1 are idential.
Thus the system lives on a irle of length L = N∆. The spaing ∆ is set to unity in the following. Let us for the
moment onsider a halflled grid, i.e. Ne = N eletrons on the N sites. It is obvious, that for interation strength
U = 0 these eletrons form a noninterating Fermigas in a nite, 1dimensional box, while for very large interation
strength (U → ∞) an anti-ferromagneti ground state with total spin S = 0 is to be expeted [2℄.
We apply now the Fourier transformation
cˆ†ασ =
1√
N
N∑
j=1
exp{−ikα j} cˆ†jσ (3)
on the basis orbits (∆ = 1). This yields a set of N single eletron states in momentum spae with momenta
kα ≡ 2π
N
α α = −N/2 + 1, . . . , N/2 , (4)
in terms of whih the Hamiltonian (1) gets the form
Hˆ = −2t
∑
α
1/2∑
σ=−1/2
cos
(
2π
N
α
)
cˆ†ασ cˆασ +
U
N
∑
α, β, γ, δ
δ0,±Nα+β−γ−δ cˆ
†
α↑cˆ
†
β↓cˆδ↓cˆγ↑ , (5)
3where the generalized Kronekersymbol is one, if α+ β − γ − δ is either 0 or ±N (beause of the periodi boundary
onditions), and zero else. The linear momentum quantum numbers α, β, γ, δ run all over−N/2+1, . . . N/2. Beause
of the osinedispersion in the onebody term, the single partile spetrum ontains one state with energy −2t (for
α = 0), one state with energy +2t (for α = N/2) and N − 2 twofold degenerate states with energies cos([2π/N ]α)
(for α = ±1, . . . ,±(N/2− 1)).
Obviously, the Hamiltonian (1) or (5) onserves the total number of eletrons. Furthermore, it is easy to show, that
it ommutes with the square of the total spin operator Sˆ
2
as well as with its 3omponent Sˆz and is thus a salar
in spinspae. Hene its eigenstates an be lassied aording to the orresponding spinquantum number S and
are degenerate for all the 2S + 1 values of its zprojetion Σ = −S, ..., S. For an even number of eletrons only
integer values for the total spin an our. Sine eah of these spinvalues has a Σ = 0 omponent, it is suient to
diagonalize (1) or (5) in the spae of the Σ = 0 ongurations in order to obtain all the eigenstates. In ontrast, for
an odd number of eletrons S is a halfinteger, so that in this ase all the ongurations with Σ = 1/2 have to be
used as basis states. The lowest eigenvalues and eigenvetors for suh a matrix with large dimension an be obtained
by applying eient algorithms like e.g. the Lanzosmethod [5℄. For halflling (Ne = N even) the total number of
Σ = 0 ongurations to be treated is
n(N/2, Σ = 0) ≡
(
N
N/2
)2
, (6)
and thus inreases drastially with the number N of available sites (for N = 16,e.g., eq. (6) yields already 165 636
900 ongurations). Hene the appliability of this approah is rather limited. The situation beomes slightly better,
if instead of all Σ = 0 Slaterdeterminants only those ongurations with a denite total spinvalue S are inluded.
Again for halflling, one obtains here dimensions of
n(N/2, S) ≡
(
N
N/2− S
)2
−
(
N
N/2− S − 1
)2
, (7)
whih for N = 16 still amount to 34 763 300 S = 0 and even 66 745 536 S = 1 ongurations, respetively. In
addition, suh a proedure requires the oupling of the simple Slaterdeterminant to ongurations with good total
spin and thus ompliates the alulation of the various matrix elements onsiderably.
There is, however, a further symmetry of the Hamiltonian, whih an be used to redue the dimension of the ongu-
ration spaes. As an be shown easily, the operator (5) ommutes (modulo ±2π) with the Hamiltonian of total linear
momentum
Pˆ ≡
∑
α, σ
{
2π
N
α
}
cˆ†ασ cˆασ , (8)
and thus the eigenstates an be lassied in addition by a momentum quantum number ξ, too. The orresponding
total momentum is kξ = (2π/N)ξ. The total linear momentum quantum number an assume all values given in eq. (4)
or, equivalently, all integer values (ξ) in between 0 and (N − 1), where use has been made of the periodi boundary
onditions. In addition, it is immediately seen, that the Hamiltonian (5) remains unhanged, if the signs of all the linear
momentum quantum numbers are ipped (beause of the periodi boundary onditions −N/2 → −N/2+N = N/2).
Thus the states with ξ = 1 are degenerate with those with ξ = N − 1, those with ξ = 2 with those with ξ = N − 2,
et., while the states with ξ = N/2 (again, sine −N/2 → −N/2 +N = N/2) our only one.
For halflling, the total number of ongurations with a given total spin S and given linear momentum quantum
number ξ annot be given in a losed form but it an be easily alulated numerially. It turns out that
n(N/2, Sξ) ≃ n(N/2, S)/N (9)
is a rather good rst guess for all possible ξvalues, ifN is suiently large. ForN = 16 and S = 0, e.g., the dimensions
for the various onguration spaes are 2 172 400 (for ξ = 1, 3, 5, 7, 9, 11, 13, 15), 2 173 008 (for ξ = 2, 6, 10, 14), 2
173 016 (for ξ = 4, 12) and 2 173 018 (for ξ = 0, 8), respetively.
However, even if spin and linear momentum are used as good quantum numbers, the dimension of the resulting
onguration spaes still inreases drastially with the number of sites. For N = 18 and S = 0 eq. (9) yields already
2.5 ∗ 107, and for N = 30 and S = 0 even 9.7 ∗ 1013 ongurations for eah ξ have to be treated. Thus, at least for
halflling and N ≥ 18, an exat solution is almost impossible even on modern omputers. This statement remains
valid even if we furthermore onsider the symmetry of the Hubbard Hamiltonian under harge rotation and the
orresponding onserved quantum numbers.
4Therefore one has to rely on approximate methods, whih trunate the omplete expansion of the wave funtions to a
numerially feasible number of ongurations. How this an be done without loosing the essential degrees of freedom
relevant for the partiular states under onsideration is the entral question not only for the Hubbardmodel but for
any other nite manybody problem as well.
One of the most favored methods for suh a trunation is provided by Greensfuntion MonteCarlo alulations, in
whih the relevant ongurations are seleted aording to their statistial weight. This method has been applied
rather suessfully not only to the Hubbardmodel [6℄ but also to the nulear manybody problem [7℄. It has, however,
the limitation that only expetation values within the ground state or in some statistial assembly an be obtained. For
Fermionsystems the method suers in addition from the wellknown signproblem". In nulear physis both these
shortomings ould be overome in reent years by the soalled QuantumMonteCarloDiagonalization (QMCD)
method [8℄, in whih again the relevant ongurations are seleted by stohasti methods, however, the signproblem
an be bypassed and ground as well as exited states an be treated on equal footing.
However, stohasti seletion is not the only promising method for trunation in nite manybody problems. Another
possibility is provided by variational methods. Here one uses the most general Slaterdeterminants (or even gener-
alized Slaterdeterminants), whih an be onstruted within the onsidered single partile spae, as basi building
bloks. Unfortunately, in general these ongurations do break all the symmetries required by the hosen manybody
Hamiltonian and hene annot be onsidered as physial states but only as an approximation introdued to aount
for as muh as possible of the orrelations in as few as possible ongurations. The required symmetries, however, an
be restored with the help of projetion tehniques, and the resulting symmetryprojeted ongurations an then be
used as test wave funtions in hains of variational alulations in order to determine the underlying single partile
transformations as well as the ongurations mixing. Suh symmetryprojeted variational alulations on the basis
of general HartreeFokBogoliubov ongurations have been applied very suessfully to the nulear manybody
problem within the last two deades (see [3℄ for a reent review and referenes therein), and it ould be proven that
they work equally well as alternative approahes like, e.g., the QMCD method.
In the present work we want to demonstrate that these symmetryprojeted variational methods are not only useful for
the nulear manybody problem but an also be applied to other nite manyFermion problems like the 1dimensional
Hubbardmodel desribed above.
B. Symmetry projeted HartreeFok
For this purpose we start by introduing quasipartiles of the type
bˆ†a ≡
N/2∑
α=−N/2+1
+1/2∑
σ=−1/2
D∗ασ, a cˆ
†
ασ , (10)
where D is a linear (2N × 2N) transformation, whih has to be unitary
D†D = DD† = 12N , (11)
in order to onserve the Fermion antiommutation relations for the quasipartile reators (10) and the orresponding
annihilators. Eqs. (10) and (11) desribe a general HartreeFok (HF) type transformation. It should be stressed
here, that eq. (10) ould still be generalized by inluding linear ombinations of the annihilators on the right hand
side. This would result in a soalled HartreeFokBogoliubov (HFB) transformation as used, e.g., in the approahes
reviewed in ref. [3℄. In the present paper, however, we shall restrit ourselves to the simpler HFtransformations only.
Note, that nevertheless the transformation (10) mixes all the linear momentum quantum numbers as well as the
spinprojetions of the basis states (3).
In the usual HartreeFok approah one searhes then for the optimal onedeterminant representation of the Ne
eletron ground state
|D〉 =
{
Ne∏
h=1
bˆ†h
}
|0〉 , (12)
in whih the energetially lowest Ne states bˆ
†
h (h = 1, . . . , Ne) of the form (10) are oupied and the remaining 2N−Ne
states bˆ†p (p = Ne + 1, . . . , 2N) are empty. In the following the notation h, h
′, . . . is always used for the oupied
states, while the unoupied ones will be denoted by p, p′, . . . , respetively.
Obviously, the determinant (12) onserves the total number of eletrons (Ne) but is neither an eigenstate of the
square of the total spin operator Sˆ
2
nor of its 3omponent Sˆz nor of the total linear momentum operator (8). These
5symmetries have therefore to be restored with the help of projetion tehniques. For the spinquantum numbers this
an be ahieved via Villars' [9℄ famous projetion operator
PˆSΣ,Σ′ ≡
2S + 1
8π2
∫
dΩDS
∗
Σ,Σ′ (Ω) RˆS(Ω) , (13)
where RˆS(Ω) is the rotation operator in spinspae, the Wignerfuntion D
S
Σ,Σ′(Ω) its representation in spin
eigenstates and the integral has to be taken over the full range of the three Eulerangles. Beause of the nonabelian
nature of the rotation group, (13) is not a true projetor in the strit mathematial sense. In order to ahieve
independene of the hoie of diretion for the intrinsi quantization axis one is fored to use the linear ombination
|D; NeSΣ〉 =
+S∑
Σ′=−S
PˆSΣ,Σ′ |D〉 fΣ′ (14)
as test wave funtion in the variation with the mixing oeients f to be treated as additional variational variables.
In a similar way the total linear momentum an be restored. This is done via the operator
Cˆ(ξ) ≡ 1
N
N∑
j=1
exp
{
i
(
Pˆ − 2π
N
ξ
)
j
}
, (15)
whih projets the determinant (12) on the omponent with linear momentum k = (2π/N)ξ. The operator (15) is
the nite, 1dimensional limit of the general operator restoring Galilean invariane disussed, e.g., in ref. [3℄. In
ontrast to nulear systems where the Galilean priniple of relativity imposes k = 0, lattie systems allow solutions
with k > 0: the Hamiltonian (1) or (5) has to be onsidered on the (innitely heavy) bakground of the ions providing
the periodi potential. This bakground an absorb any hange of linear momentum of the eletrons easily so that
Galilean invariane for the total system is always ensured. It should be stressed furthermore, that the spinprojetion
and the linear momentum projetion have to be performed before the variation. Then the orret moment of inertia
and mass is restored [10℄.
Using (15) in addition to (14) we obtain the projeted determinant
|D; NeξSΣ〉 =
+S∑
Σ′=−S
PˆSΣ,Σ′Cˆ(ξ)|D〉 fΣ′ (16)
as ansatz for our test wave funtion. The orresponding energy funtional
E ≡ 〈D; NeξS(Σ)|Hˆ |D; NeξS(Σ)〉〈D; NeξS(Σ)|D; NeξS(Σ)〉 , (17)
where the spinprojetion Σ has been put in parentheses sine the total energy does not depend on this quantum num-
ber, has now to be minimized with respet to the mixing oeients f as well as to the underlying HFtransformation
D.
Variation with respet to the f 's yields the generalized eigenvalue problem
(H − EN)f = 0 , (18)
with the onstraint
f †Nf = 12S+1 (19)
ensuring the orthonormality of the solutions, and the (2S+1)× (2S+1)dimensional square matries N and H given
by
NΣ,Σ′ ≡ 〈D|PˆSΣ,Σ′ Cˆ(ξ)|D〉 (20)
and
HΣ,Σ′ ≡ 〈D|HˆPˆSΣ,Σ′ Cˆ(ξ)|D〉 , (21)
respetively. The matries N and H are hermitian and the overlap matrix (20) is furthermore positive denite. In
eqs. (20) and (21) the obvious quantum numbers S and ξ have been suppressed. In the following only the energetially
lowest solution of eq. (18) is kept.
6The minimization of the energy funtional (17) with respet to arbitrary variations of the underlying HF trans-
formation D is more involved. This transformation has to be unitary and thus not all of the 2N × 2N matrix
elements of D are linearly independent. Nevertheless, an unonstrained minimization of the funtional (17) an still
be performed, if one parameterizes the underlying HFtransformation via Thouless' theorem [11℄, whih states that
any HFdeterminant |Dd〉 an be represented in terms of the reation and annihilation operators of some referene
determinant |D0〉 via
|Dd〉 = c(d) exp


∑
p,h
dphbˆ
†
p(D0)bˆh(D0)

 |D0〉 , (22)
provided that the two determinants are nonorthogonal, sine
c(d) = 〈D0|Dd〉 . (23)
The reation operators belonging to the HFdeterminant |Dd〉 are then related to those of the referene determinant
|D0〉 via
bˆ†h(Dd) =
∑
h′
[L−1]hh′

bˆ†h′(D0) + ∑
p′
dp′h′ bˆ
†
p′(D0)


(24)
for the oupied and
bˆ†p(Dd) =
∑
p′
[M−1]pp′
(
bˆ†p′(D0) −
∑
h′
d∗p′h′ bˆ
†
h′(D0)
)
(25)
for the unoupied states, respetively. They are now given in terms of the (2N−Ne) ·Ne linear independent variables
dph. The lower triangular (Ne ×Ne) matrix L in (24) is dened by the expression
1Ne + d
T d∗ = LL† , (26)
while the lower triangular ((2N −Ne) × (2N −Ne)) matrix M out of (25) an be obtained from the solution of the
equation
12N−Ne + d
∗dT = MM † . (27)
Both, eqs. (26) and (27), are usual Cholesky deompositions.
The variational equations resulting from the minimization of the energy funtional (17) with respet to the HF
transformation now assume the form
∂E
∂dph
=
[
M−1
†
G L−1
]
ph
≡ 0 , (28)
where the ((2N −Ne)×Ne) matrix G is dened by
Gph ≡
∑
Σ,Σ′
f∗Σ 〈D|(Hˆ − E1)PˆSΣ,Σ′Cˆ(ξ) bˆ†p(D) bˆh(D)|D〉 fΣ′ . (29)
One one has reahed the solution not only the global" gradient vetor (28) but also the loal one (29) does vanish
identially. This vanishing of the gradient vetor (29) is a sort of generalized Brillouin theorem" [11℄ : it desribes
the stability of the symmetryprojeted HFsolution with respet to arbitrary symmetryprojeted one partileone
hole exitations.
For any given S and ξ, the simultaneous solution of the set of eqs. (18), (19) and (28) yields the optimal representation
of the energetially lowest state by one single symmetryprojeted HFtype onguration. This orresponds to the
soalled VAMPIR (VariationAfterMeaneld Projetion InRealisti model spaes) approah out of ref. [3℄, though
restrited here to a HFtype instead of HFBtype transformations. Sine D (and hene d) as well as f are essentially
omplex matries this solution results from the minimization of a funtion of m = 2 · (2N −Ne) ·Ne· real variables,
if even Ne and S = 0 is onsidered, while in general for S > 0 and arbitrary Ne, (4S + 1) +m real variables have to
be treated. For this minimization a quasiNewton proedure (see, e.g., [12, 13℄) is used.
7Exited states with the same quantum numbers S and ξ an be treated in a similar fashion, if one ensures the
orthogonality with respet to the solutions already obtained. For the rst exited state (n = 2) this an be ahieved
with the help of the projetion operator
Tˆn−1 ≡
n−1∑
i=1
|Di; NeξSΣ〉〈Di; NeξSΣ| , (30)
whih projets on the lowest solution (D1, f1) of the form (16). For the variational alulation then instead of (16)
we use its omplement
|Dn; NeξSΣ〉 ≡ (1− Tˆ )
+S∑
Σ′=−S
PˆSΣ,Σ′ Cˆ(ξ)|Dn〉 fnΣ′ (31)
as a test wave funtion for the variational alulation. The proedure (30), (31) an be repeated for the seond exited
state (n = 3), et., up to the n lowest (orthonormal) states. Finally, the residual interation between these n states
is diagonalized. This orresponds losely to the EXCITED VAMPIR approah from ref. [3℄.
Furthermore, we would like to stress, that if a desription by one single symmetryprojeted determinant for eah state
is not suient, further orrelations an easily be aounted for by suessive variational alulations for additional
determinants as done in the FED (from FEw Determinants) EXCITED VAMPIR approah out of ref. [3℄. This,
however, has not been done in the present work sine one determinant gives already a good auray, as we will see
below.
Left to be omputed are now the symmetry projeted matries (20) and (21) generalized to two dierent determinants
|Di〉 and |Dk〉 on both sides, beause of the eventual use of (31) instead of (16) as test wave funtion and of more
than one determinant for the desription of the Ne ± 1eletron systems as disussed in se. II C. Furthermore, the
orresponding gradient vetors ourring in eq. (29) have to be alulated. One obtains suessively
〈Di|PˆSΣ,Σ′ Cˆ(ξ)|Dk〉 =
1
N
N∑
j=1
exp
{
−i2π
N
ξj
}
2S + 1
8π2
∫
dΩDS
∗
Σ,Σ′ (Ω)n
ik(Ω, j) , (32)
〈Di|HˆPˆSΣ,Σ′ Cˆ(ξ)|Dk〉 =
1
N
N∑
j=1
exp
{
−i2π
N
ξj
}
2S + 1
8π2
∫
dΩDS
∗
Σ,Σ′ (Ω) ·
·hik(Ω, j)nik(Ω, j) , (33)
and,
〈Di|PˆSΣ,Σ′Cˆ(ξ) bˆ†p(Dk) bˆh(Dk)|Dk〉 =
1
N
N∑
j=1
exp
{
−i2π
N
ξj
}
2S + 1
8π2
∫
dΩDS
∗
Σ,Σ′ (Ω) ·
·nikph(Ω, j)nik(Ω, j) , (34)
〈Di|HˆPˆSΣ,Σ′Cˆ(ξ) bˆ†p(Dk) bˆh(Dk)|Dk〉 =
1
N
N∑
j=1
exp
{
−i2π
N
ξj
}
2S + 1
8π2
∫
dΩDS
∗
Σ,Σ′ (Ω) ·
·hikph(Ω, j)nik(Ω, j) . (35)
In these expressions the spinrotated and shifted overlapfuntions are given by
nik(Ω, j) ≡ detNeX ik(Ω, j) , (36)
and
nikph(Ω, j) ≡
∑
h′∈|Di〉
[X ikh, h′(Ω, j)]
−1X ikh′, p(Ω, j) , (37)
respetively. The determinant in eq. (36) has to be taken for the oupied Ne×Nedimensional part of the (2N×2N)
matrix X ik
X ikab ≡
∑
α, σσ′
Diασ, a Sασ, ασ′ (Ω, j)D
k∗
ασ′, b (38)
8and in eq. (37) the indies h and p run over all the oupied and unoupied states of the HFdeterminant |Dk〉,
respetively. (X ik)−1 denotes the inverse of the oupied part of the matrix (38) and
Sασ, ασ′(Ω, j) ≡ D1/2σ, σ′(Ω) exp
{
i
2π
N
α j
}
. (39)
In eq. (33) the spinrotated and shifted matrix elements of the Hamiltonian involve also
hik(Ω, j) ≡ 1
2

tik(Ω, j) +
∑
ασ, γσ′
Γ˜ikασ, γσ′(Ω, j)ρ˜
ki
γσ′, ασ(Ω, j)

 , (40)
where
tik(Ω, j) ≡
∑
ασ
[
−2t cos
(
2π
N
α
)]
ρ˜kiασ, ασ(Ω, j) , (41)
Γ˜ikασ, γσ′(Ω, j) ≡ δσ, σ′
{
δα, γ
[
−2t cos
(
2π
N
α
)]
+
∑
βδ
U
N
δ0;±Nα+β−γ−δρ˜
ki
δ−σ, β−σ(Ω, j)
}
− (1− δσ, σ′)
{∑
βδ
U
N
δ0;±Nα+β−γ−δρ˜
ki
δσ, βσ(Ω, j)
}
, (42)
and
ρ˜kiγσ′, ασ(Ω, j) ≡
∑
σ′′
Sγσ′, γσ′′(Ω, j)
∑
hh′
Dk
∗
γσ′′, h[X
ik
h, h′(Ω, j)]
−1Diασ, h′ . (43)
Furthermore, introduing the denitions
ykih,ασ(Ω, j) ≡
∑
h′
[X ik)−1h, h′(Ω, j)]
−1Diασ, h′ (44)
for all the oupied states h in the Slaterdeterminant |Dk〉, and
ω˜kiγσ′, p′(Ω, j) ≡
∑
δσ′′
[1 − ρ˜ki(Ω, j)]γσ′, δσ′′
∑
σ′′′
Sδσ′′, δσ′′′ (Ω, j)D
k∗
δσ′′′, p′ (45)
for all the unoupied states p′ belonging again to the transformation Dk, one an write the spinrotated and shifted
energy funtion out of eq. (35) as
hikph(Ω, j) ≡ nikph(Ω, j)hik(Ω, j) +
∑
ασ, γσ′
ykih, ασ(Ω, j)Γ˜
ik
ασ, γσ′(Ω, j)ω˜
ki
γσ′, p(Ω, j) . (46)
The above desribed variational proedure will be denoted by LMSPHF (from LinearMomentum and Spin Projeted
HartreeFok) in the following.
Finally, it should be stressed that this proedure an be used for any number of eletrons Ne = 1, . . . , 2N . As we
already mentioned, for odd Ne the spin quantum numbers S and Σ are halfinteger numbers.
C. Spetral funtions
Let us now assume that we have obtained the ground state for an even number of eletrons Ne on a lattie with N
sites solving the variational equations out of the se. II B. As we shall see in se. III, this ground state has always total
spin S = 0 but not neessarily linear momentum quantum number ξ0 = 0. For instane, in the ase of halflling
and N/2 even the ground state is obtained for ξ0 = N/2. The underlying HFtransformation will be denoted by D
1
and the total energy by E0. For S = 0, there exists only a single oeient f0, whih is uniquely determined by the
normalization
f0 ≡ n−1/20 = 〈D1|Pˆ 00,0Cˆ(ξ0)|D1〉−1/2 . (47)
9The projeted ground state of the Neeletron system an thus be written as
|D1; Neξ0S = Σ = 0〉 = Pˆ 00, 0 Cˆ(ξ0) |D1〉n−1/20 . (48)
We shall now approximate the (Ne − 1)eletron system (haraterized by S = 1/2 and ξ−1) by
|h˜ ; Ne − 1 ξ−1 S = 1/2 σ〉 ≡
m∑
i=1
Ne∑
h=1
1/2∑
σ′=−1/2
Pˆ
1/2
σ, σ′Cˆ(ξ−1)bˆh(D
i)|Di〉 fihσ′, h˜ , (49)
where |D1〉 refers to the HFdeterminant for the Neeletron ground state solution, while |Di〉 for i = 2, . . . ,m refer
to the determinants obtained for the lowest m− 1 exited states (whih may orrespond to dierent spin and linear
momentum quantum numbers than the ground state one's). The mixing oeients f are then obtained by solving
a generalized eigenvalue problem similar to eq. (18)
(H − Eh˜N)f = 0 (50)
with the onstraint
f †Nf = 12m·Ne . (51)
The overlap and Hamiltonianmatries are given by
Nihσ, kh′σ′ ≡ 1
N
N∑
j=1
exp
{−i 2piN ξ−1 j} 28pi2 ∫ dΩD1/2∗σ, σ′ (Ω) ·
·nik(Ω, j)nikh, h′(Ω, j) (52)
and
Hihσ, kh′σ′ ≡ 1
N
N∑
j=1
exp
{−i 2piN ξ−1 j} 28pi2 ∫ dΩD1/2∗σ, σ′ (Ω) ·
·nik(Ω, j)hikh, h′(Ω, j) , (53)
where the shorthand notations in the integrands are dened by
nikh, h′(Ω, j) ≡ [X ikh′, h(Ω, j)]−1 (54)
and
hikh, h′(Ω, j) ≡ [X ikh′, h(Ω, j)]−1hik(Ω, j) −
∑
ασ, γσ′
ykih′, ασ(Ω, j)Γ˜
ik
ασ, γσ′(Ω, j)z
ki
γσ′, h(Ω, j) , (55)
respetively. Here
zkiγσ′, h(Ω, j) ≡
∑
h′′, σ′′
Sγσ′, γσ′′(Ω, j)D
k∗
γσ′′, h′′ [X
ik
h′′, h(Ω, j)]
−1 , (56)
and all the other funtions are dened in se. II B. For eah possible linear momentum quantum number ξ−1 the
eqs. (50) and (51) yield 2m ·Ne solutions h˜ with S = 1/2 and energies Eh˜.
Similarly, the Ne + 1eletron system (haraterized by S = 1/2 and ξ+1 ) will be approximated by
|p˜ ; Ne + 1 ξ+1 S = 1/2 σ〉 ≡
m∑
i=1
2N∑
p=Ne+1
1/2∑
σ′=−1/2
Pˆ
1/2
σ, σ′ Cˆ(ξ+1)bˆ
†
p(D
i)|Di〉 gipσ′, p˜ , (57)
where again |D1〉 refers to the HFdeterminant for the Neeletron ground state solution, while the |Di〉 for i =
2, . . . ,m are taken from the lowestm−1 exited states. The mixing oeients g are obtained by solving a generalized
eigenvalue problem
(H − Ep˜N)g = 0 (58)
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with the onstraint
g†Ng = 12m·(2N−Ne) . (59)
The overlap and Hamiltonian matries are given by
Nipσ, kp′σ′ ≡ 1
N
N∑
j=1
exp
{−i 2piN ξ+1 j} 28pi2 ∫ dΩD1/2∗σ, σ′ (Ω) ·
·nik(Ω, j)nikp, p′(Ω, j) (60)
and
Hipσ, kp′σ′ ≡ 1
N
N∑
j=1
exp
{−i 2piN ξ+1 j} 28pi2 ∫ dΩD1/2∗σ, σ′ (Ω) ·
·nik(Ω, j)hikp, p′(Ω, j) , (61)
where the shorthand notations in the integrands are dened by
nikp, p′(Ω, j) ≡ X ikp, p′(Ω, j) −
∑
h, h′
X ikp, h[X
ik
h, h′(Ω, j)]
−1X ikh′, p′(Ω, j) (62)
and
hikp, p′(Ω, j) ≡ nikp, p′(Ω, j)hik(Ω, j) +
∑
ασ, γσ′
ωikp, ασ(Ω, j)Γ˜
ik
ασ, γσ′(Ω, j)ω˜
ki
γσ′, p′(Ω, j) , (63)
respetively. Furthermore,
ωikp, ασ(Ω, j) ≡
∑
β, σ′
Diβσ′, p[1 − ρ˜ki(Ω, j)]βσ′, ασ , (64)
and all the other funtions are again dened in se. II B. For eah possible linear momentum quantum number ξ+1
the eqs. (58) and (59) yield 2m · (2N −Ne) solutions p˜ with S = 1/2 and energies Ep˜.
Now the holespetral funtions an be alulated. The spetral funtion for hole states, Sh˜(k, ǫh˜), is dened by√
Sh˜(k, ǫh˜) ≡ 〈h˜ ; Ne − 1 ξ−1 S = 1/2|| cˆξ0−ξ−1 ||D1; Ne ξ0 S = 0〉
= −
√
2n
−1/2
0
m∑
i=1
Ne∑
h=1
1/2∑
σ=−1/2
f
1/2 ξ−1
∗
ihσ, h˜
·
· 1
N
N∑
j=1
exp
{
−i2π
N
ξ−1 j
}
1
8π2
1/2∑
σ′=−1/2
∫
dΩD
1/2∗
σ, σ′ (Ω) ·
·
[
Ne∑
h′=1
(−1)1/2−σ′D1∗ξ0−ξ−1 −σ′, h′(X i1)−1h′, h(Ω, j)
]
ni1(Ω, j) , (65)
where k = (2π/N)ξ−1 and ǫh˜ = E0 − Eh˜. Similarly, the partile spetral funtion an be obtained from√
Sp˜(k, ǫp˜) ≡ 〈p˜ ; Ne + 1 ξ+1 S = 1/2|| cˆ†ξ+1−ξ0 ||D1; Ne ξ0 S = 0〉
= −
√
2n
−1/2
0
m∑
i=1
2N∑
p=Ne+1
1/2∑
σ=−1/2
g
1/2 ξ+1
∗
ipσ, p˜ ·
· 1
N
N∑
j=1
exp
{
−i2π
N
ξ+1 j
}
1
8π2
1/2∑
σ′=−1/2
∫
dΩD
1/2∗
σ, σ′ (Ω) ·
·

 2N∑
p′=Ne+1
ni1p, p′(Ω, j)D
1
ξ+1−ξ0 σ′, p′

ni1(Ω, j) , (66)
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where now k = (2π/N)ξ+1 and ǫp˜ = Ep˜ − E0.
The sum
2m·Ne∑
h˜=1
Sh˜(k, ǫh˜) ≡ n(k = (2π/N)ξ−1) (67)
gives the oupation number of the basis state (3) in the ground state of the Neeletron system. Here instead of
using ξ−1 = 0, . . . , N − 1, we use the equivalent representation ξ−1 = −N/2 + 1, . . . , N/2.
Furthermore, for plotting the spetral funtions versus the linear momentum k and exitation energy ω = ǫh˜ (or = ǫp˜)
it is useful to introdue some artiial width for eah state in order to obtain ontinuous funtions of the exitation
energy. For this purpose we use a Lorentzian shape with xed width of 0.05 t for eah hole (or partile) state. This
also simplies the representation of the density of states
N(ω) ≡
N/2∑
α=−N/2+1
[
S(h˜)((2π/N)α, ω) + S(p˜)((2π/N)α, ω)
]
. (68)
where the indies h˜ and p˜ have been put here in parentheses, sine they are absorbed now in the ontinuous variable
ω.
In order to determine the hole spetral funtions from an exat (Lanzos) solution, we start with the exat ground-
state of the system with Ne eletrons, |Ne〉0, whih is represented by a linear ombination of the basi ongurations
and apply the annihilation for an eletron with spin projetion σ and momentum α = ξ0 − ξ−1
cˆα,σ|Ne〉0 = ηα|Ne − 1, ξ−1, S = 1/2〉1 . (69)
The resulting state |Ne− 1, ξ−1, S = 1/2〉1 is a state with Ne− 1 eletrons and well dened quantum numbers for the
momentum (ξ−1) and spin. The onstant ηα has been introdued to normalize the state. This state is in general not an
eigenstate of the Hamiltonian, but it an be used as a starting point to generate further states |Ne− 1, ξ−1, S = 1/2〉i
with the same quantum numbers by means of the Lanzos method[14℄. A diagonalisation of the Hamiltonian in the
spae whih is generated by these basis states |Ne − 1, ξ−1, S = 1/2〉i for i = 1 . . . ν will lead to ν eigenvalues εiα and
eigenstates |εiα〉, whih onverge with inreasing ν to the exat solutions for the system with Ne − 1 eletrons. The
spetral funtion for the hole states an now be expressed as
Sh((2π/N)α, ω) = η
2
α
ν∑
i=1
∣∣〈εiα|Ne − 1, ξ−1, S = 1/2〉0∣∣2 δ (ω − εiα) . (70)
This means that the oupation probability n((2π/N)α) is determined by the square of the normalisation onstant ηα
dened in eq. (69) and the overlap of the states |εiα〉 with the starting vetor for the Lanzos iteration |Ne−1, ξ−1, S =
1/2〉1 denes the spetral strength at the energy ω = εiα. The result for the spetral funtion onverges very rapidly
with the number of iterations ν. A orresponding proedure starting with a state
cˆ†α,σ|Ne〉0 , (71)
an be used to determine the spetral funtion for the partile states.
III. RESULTS AND DISCUSSION
First, we heked the LMSPHFapproah disussed in se. II B for halflled latties assoiated to N = 2, N = 4
and N = 6 sites, respetively. Simple ounting of the number of variational variables (see tab. I) shows that for
these latties the approah is exat. Eah state an be represented by a single spin and linear momentumprojeted
HFonguration for any value of U/t. This has been tested expliitely for the 36 dierent states of the halflled
N = 4 lattie as well as for the 5 lowest states of eah possible linear momentum quantum number with spins S = 0,
S = 1 and S = 2 in the halflled N = 6 grid. As an illustrative example we present in Fig. 1 the energy spetrum
for the half-lled N = 4 lattie as obtained for U/t = 4. Eah of these states an be represented by a single projeted
LMSPHFdeterminant. The gure also shows niely the degeneray of the states with ξ = 1 and ξ = 3 (or -1)
disussed in se. II A. As expeted, the ground states have all total spin S = 0, however, while for the latties with
N = 2 and N = 6 the linear momentum quantum number ξ = 0 is obtained, the N = 4 ground state has ξ = N/2 = 2.
12
N 4 6 12 14 30
Hilbert restrited spae ∼ 10 ∼ 70 ∼ 2× 104 ∼ 2× 105 ∼ 1014
variationnal parameters 32 72 288 392 1800
TABLE I: Comparison of the dimension of the Hilbert restrited spae (taking aount of the symmetries) for a given half-lled
lattie with N sites with the number of parameters involved in the LMSPHF-approah.
This feature persists, if halflled latties with larger N are onsidered : For N/2 being an odd integer the ground
state has S = 0 and ξ = 0, while for N/2 being an even integer S = 0 and ξ = N/2 is obtained.
This eet an be understood by a simple spinorrelation. Assume for the moment small interation strength U .
Then, if N/2 is odd, the onguration with the lowest energy is obviously the determinant in whih the single partile
states (3) with α = 0, . . . , ±(N−2)/4 are all lled, eah by two eletrons with opposite spindiretions. The resulting
total spin is then S = 0 and the linear momentum quantum number ξ = 0. For N/2 being even, however, the situation
is dierent. Here, the last two eletrons have to be distributed over the two degenerate states with α = ±N/4.
It an be shown that for two eletrons with opposite spin diretions oupying two dierent basis orbits (3) always the
S = 1 omponent is energetially favored with respet to the S = 0 omponent. The spinorrelation explains
why halflled latties with N/2 being odd has the lowest exited state assoiated with total spin S = 1 and
linear momentum quantum number ξ = N/2. Assuming again small interation strength U , the energetially lowest
ongurations are obtained by promoting one of the four eletrons from the last oupied orbits (α = ±(N − 2)/4) to
the rst unoupied orbits (α = ±(N + 2)/4) in the above mentioned (S = 0, ξ = 0)ground state onguration for
odd N/2. There are 8 degenerate determinants of this type, 4 of them with ξ = N/2, 2 with ξ = 1 and 2 with ξ = −1
(or, equivalent ξ = N − 1). The expetation value of the Hamiltonian for eah of these determinants will be denoted
by b. The ξ = ±1 ongurations yield two degenerate S = 1 states at energy b − U/N and two degenerate S = 0
states at energy b+U/N . The four ξ = N/2 determinants, however, an be oupled to two S = 1 ongurations both
with energy b − U/N and an interation of −U/N between them and to two S = 0 ongurations both with energy
b + U/N and an interation of U/N in between. Thus we get here one S = 1 solution with energy b − 2U/N , an
S = 1 and an S = 0 solution both having energy b, and one S = 0 state with energy b + 2U/N . Consequently, here
the lowest (S = 1, ξ = N/2)solution will beome the rst exited state. Again the relative splitting in between the
various states will even inrease with inreasing interation. Also this expetation is onrmed by the results obtained
for the halflled N = 6, N = 14 and N = 30latties in the present work.
A. Half-lled N=12 lattie
Let us now onsider the halflled N = 12 lattie. Here in the usual Lanzos approah (all Σ = 0 determinants)
already 853 776 ongurations have to be treated, and even using all the symmetries, for S = 0 and the 12 possible
ξvalues still between 18 840 and 18 916, for S = 1 and the possible ξvalues between 31 833 and 31 872 ongurations
have to be aounted for. Fig. 2 displays the energies of the rst exited states for various methods using an interation
strength of U/t = 4. In the rightmost olumn (EXACT) the results of the Lanzos diagonalisation for the lowest 4
states are presented, the other olumns refer to dierent variational approahes. The leftmost one (HF) gives the
Hartree-Fok result obtained by using the determinant (12) as test wave funtion and not aring about spin and
linear momentum. The next two olumns have been obtained by HF alulations with linear momentum projetion
before the variation only (LMPHF) but still not restoring the total spin and with spinprojetion before the variation
only (SPHF) but not restoring the total linear momentum. The next olumn (LMSzPH) results from variational
alulations with projetion on good linear momentum and zprojetion of the spin Sz = 0. Finally, the seond
but last olumn (LMSPHF) presents the results obtained for the lowest 5 states with linear momentum and full
spinprojetion before the variation as desribed in se. II B. As an be seen, the LMSPHFapproah reprodues the
energies of the exat solutions not only for the ground but also for the lowest exited states very well. The deviations
vary only between 0.16 and 0.58 perent. This is remarkable sine the number of variational parameters (288 for
S = 0 in this ase) is signiantly smaller than the dimension of the spae with good symmetries, whih is 18840 in
this example.
As expeted from the above arguments based on spinorrelation the ground state has S = 0 and ξ = N/2 = 6, while
for the quantum numbers of the rst exited state S = 1 and ξ = 0 are obtained. It is furthermore obvious, that
both, linear momentum and spin have to be restored simultaneously. All results obtained by performing none or only
part of the orresponding projetions fail to reprodue the exat spetrum.
Fig. 3 presents the energies of lowest S = 0, S = 1 and S = 2 states obtained with the LMSPHFapproah for the
various linear momentum quantum numbers ξ. Note, that the ξ = 1results are degenerate with those for ξ = 11,
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those for ξ = 2 with those for ξ = 10, et., so that only the results for ξ = 0, . . . 6 are shown. Exept for the
(S = 0, ξ = N/2)ground state, the lowest states for all other linear momentum quantum numbers have total spin
S = 1. This supports again the importane of the above disussed spinorrelation.
In g. 4, we represent the oupation numbers of the various basis orbitals (3) in the LMSPHFground state obtained
via eq. (67) and we ompare it with those resulting from the onebody density of the exat ground state and with
those expeted for a noninterating Fermigas. Again, exellent agreement of the LMSPHFresults with the exat
solution is obtained. It should be stressed, that the oupation numbers obtained via eq. (67) are not aeted by the
number of determinants m used for the alulation of the holespetral funtions. Idential numbers are obtained, no
matter whether only the ground state determinant |D1〉 (m = 1) or, e.g., all the m = 5 determinants orresponding
to the ve lowest LMSPHFsolutions Fig. 2 are inluded in the alulation.
In g. 5, we ompare the oupation numbers of the basis orbitals in the LMSPHF(S = 0, ξ = 6)ground states
obtained for various strength parameters U/t of the interation. Sine in all ases the LMSPHF and exat oupation
numbers annot be distinguished, we have plotted only the former. As expeted, the orrelations (i.e, the deviation
from the Fermigas values) grow with inreasing interation. Already at U/t = 64 the result looks rather similar to
the equal distribution of the anti-ferromagneti limit expeted for U/t → ∞.
In g. 6 we represent the hole (eq. (65)) and partile (eq. (66)) spetral funtions versus the exitation energy
ω (in units of t). Here, ω = ǫh˜ for the hole and ω = ǫp˜ for the partilestates, respetively. We ompared the
results obtained by using only one determinant (m = 1, upper half of the gure) with those resulting from using
the HFtransformations obtained for all the m = 5 lowest LMSPHFstates presented in Fig. 2. As expeted for the
halflled lattie, partile and holestates are niely symmetri around the Fermienergy ωF = U/t/2. They are
separated by the soalled Hubbardgap of about U/t/2. Using m = 5 determinants one obtains 120 hole and 120
partile states for eah possible linear momentum quantum number, while we obtain only 24 states for m = 1 for
eah ξ±1value. Consequently, the strength is more spread for the m = 5approximation with respet to the more
restrited m = 1approximation.
Finally, in Fig. 7 we ompare the results for the strength dened by eq. (66) and obtained with m = 5 determinants
for S = 1/2 and ξ = 0, . . . , 3 with those resulting from the exat alulation as desribed in (69) - (71). As an be
seen, the agreement for both the exitation energies as well as for the splitting of the strength is again very good.
B. Doped lattie
Let us now onsider a system of only 10 eletrons in the N = 12lattie, again using U/t = 4 as interation strength.
Ne/2 is odd, then all the basis orbits (3) with α = 0, ±1 and ±2 an be lled, eah with two eletrons with opposite
spin diretions. Thus, from spinorrelation argument, one expets an (S = 0, ξ = 0)ground state. The lowest
exited states an then be obtained by promoting one of the four eletrons from the α = ±2orbitals to the α = ±3
orbits. There are again 8 degenerate determinants of this type : 2 with ξ = 1, 2 with ξ = −1, 2 with ξ = 5 and 2
with ξ = −5. Calling C the expetation value of the Hamiltonian (5) within eah of these determinants, one obtains
four degenerate S = 1 states at energy C − U/N and four degenerate S = 0 states at energy C + U/N , respetively.
The orresponding linear momentum quantum numbers are in both ases ξ = 1,−1, 5 and −5. Thus one expets the
lowest exited states to have S = 1 and ξ = ±1, ±5.
Fig. 8 presents the energies of lowest S = 0, S = 1 and S = 2 states of the 10eletron system on the N = 12lattie
obtained with the LMSPHFapproah for the various linear momentum quantum numbers ξ = 0, . . . 6. As in Fig. 3,
the spetra for ξ = −1, . . . ,−5, whih are degenerate with those for ξ = 1, . . . 5 have not been plotted. As expeted,
we obtain an (S = 0, ξ = 0)ground state, and the lowest four exited states have all S = 1 and linear momentum
quantum numbers of ξ = ±1 and ξ = ±5, respetively.
Obviously, the nie partilehole symmetry in the spetral funtions of the halflled N = 12lattie is destroyed, if
only 10 eletrons in this lattie are onsidered. Using the simplest (m = 1) approximation for the alulation of the
S = 1/2wave funtions for the 9 and 11eletron systems, one obtains here for eah possible linear momentum 20
onehole and 28 onepartilestates. This is reeted in the hole and partilespetral funtions, whih are shown
in Fig. 9 as a funtion of the exitation energy. Partile and holestrengths are now distributed asymmetrially
around the Fermienergy and furthermore, the Hubbardgap obtained for the halflled lattie has vanished.
C. N=14 lattie
We shall now onsider the halflled N = 14lattie, again using U/t = 4. Here, in the usual Lanzosapproah (all
determinants with Σ = 0) already 11 778 624 determinants have to be treated. Consequently, for this example we
ould obtain only the exat ground and rst exited state within about one week of omputer time. Even if all the
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symmetries would be used, for S = 0 and the 14 possible linear momentum quantum numbers still between 197 099
and 197 276, for S = 1 and the possible ξvalues between 357 770 and 357 945 ongurations have to be aounted
for.
In g. 10, we display the results for the lowest states obtained with dierent variational methods and ompare them
with the exat results. The nomenlature is the same as in Fig. 2. Again it is seen, that all results obtained by
performing none or only part of the symmetryprojetions fail to reprodue the exat spetrum. Only if linear
momentum and full spinprojetion are both performed simultaneously before the variation as done in the LMSPHF
approah the exat data an be reprodued. The deviation of the LMSPHFenergies from the latter amount here to
0.38 perent for the ground and 0.93 perent for the rst exited state, respetively. Thus (as expeted beause of
the onsiderably larger dimensions) they are larger than in the halflled N = 12example. It should be stressed,
however, that in the LMSPHFapproah eah of these states are represented by only a single symmetryprojeted
onguration. Correlating these solutions by additional determinants ould, obviously, still improve the agreement.
As expeted for a halflled lattie with N/2 being odd, the ground state has total spin S = 0 and linear momentum
quantum number ξ = 0, while for the rst exited state S = 1 and ξ = N/2 = 7 is obtained.
In g. 11 we represent the energies of the lowest S = 0, S = 1 and S = 2 states obtained with the LMSPHFapproah
for the various linear momentum quantum numbers ξ. Again, the spetra for ξ = N/2+1, . . . , (N − 1) are degenerate
with those obtained for ξ = 1, . . . N/2− 1, respetively, and are hene not displayed. Exept for the (S = 0, ξ = 0)
ground states and the ξ = 2 ase, where the lowest S = 0 and S = 1 states are almost degenerate, the lowest states
for all the other linear momentum quantum numbers have always total spin S = 1. This supports the above disussed
spinorrelation favoring the S = 1exitations.
Also for the halflled N = 14lattie, the LMSPHF and exat oupation numbers of the ground state an hardly
be distinguished and are not shown here. Instead, we present in Fig. 12, the hole and partilespetral funtions
obtained with the m = 5 HFtransformations resulting from the ve lowest LMSPHFsolutions out of Fig. 10. In
order to obtain ontinuous funtions of the exitation energy ω = ǫh˜ (or ω = ǫp˜), eah state has been broadened with
a Lorentzian of onstant width 0.05 t. As an be seen, the partile and holestrengths are symmetrially distributed
around the Fermienergy (again ωF = U/t/2) and separated by a Hubbardgap of about the same size (U/t/2) as
obtained for the halflled N = 12lattie.
D. Large N=30 lattie
Finally, we shall report LMSPHFresults for the halflled N = 30lattie, again for interation strength U/t = 4.
Here in the usual Lanzosapproah 2.9 · 1015 states would have to be inluded, whih is obviously impossible. Even
oupling the ongurations to good total spin and linear momentum quantum number, still for the various ξvalues
dimensions of the order of 9.7 · 1013 for S = 0 and even 2.2 · 1014 for S = 1 would have to be treated. In the
LMSPHFapproah, however, for eah S = 0state only funtions of 1800 real variables have to be minimized.
As in Figs. 2 and 10 we present the results for the energies of the lowest states as obtained with various variational
methods for the halflled N = 30lattie in Fig. 13. Obviously, there is no exat result available to ompare with.
Aording to the spin oupling arguments, sine N/2 is odd the ground state has S = 0 and linear momentum
quantum number ξ = 0 while the rst exited state is obtained for S = 1 and ξ = N/2 = 15. Again it is seen that the
simultaneous restoration of linear momentum and total spin before the variation as done in the LMSPHFapproah
is essential. All other approximations produe results, whih do not ome lose to the LMSPHFenergies.
The oupation numbers for the dierent basis states (3) in the LMSPHFground state are presented in omparison
with the values expeted for a noninterating Fermigas in Fig. 14. Like for the halflled N = 12 lattie (see Fig. 4),
strong eets of the orrelations are observed.
The density of states N(ω) (eq. (68)) for the halflled N = 30lattie is shown in Fig. 15. Here, we have performed a
simple 1determinant alulation (m = 1) as explained in se. II C. Again, the states were broadened by a Lorentzian
with a width of 0.05 t. As expeted for halflling, partile and hole strengths are distributed symmetrially. The
Fermienergy is again ωF = U/t/2 and the width of the Hubbardgap again of about the same size as obtained for
the halflled N = 12 and N = 14latties (see gs. 6 and 12). .
Finally, in Fig. 16, the partile and holespetral funtions are presented as funtions of linear momentum k and
exitation energy ω. Again, Lorentzshape and a onstant width of 0.05 t has been used. Obviously, the strength
of eah of these spetral funtions would still be redistributed, if instead of only one, several determinants would be
taken into aount for the alulation. Sine anyhow, there are no exat (or experimental) data to ompare with,
this generalization has not been done for the N = 30lattie in the present investigation.
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IV. CONCLUSIONS
We have devised a variational approah for the approximate solution of the 1dimensional Hubbardmodel with
nearest neighbor hopping and periodi boundary onditions. For the ground state we start with a HartreeFok type
transformation mixing all the quantum numbers of the single eletron basis states.
The results may be summarized as follows :
For manyeletron systems on small latties, where the number of ongurations to be treated for eah pair of good
spin and linear momentumquantum number is smaller than the number of real variational degrees of freedom
aounted for in the variational alulation, the LMSPHFapproah is obviously exat. However, even in the half
lled N = 12 and N = 14latties, where for eah pair of quantum numbers (S, ξ) the number of ongurations is by
2 or even 3 orders of magnitude larger than the number of variational degrees of freedom, the LMSPHFapproah does
reprodue the exat energies of the ground and lowest exited states with an auray of better than 99 perent, the
oupation numbers of the ground and lowest exited states even better, and yields (at least if several determinants
for the alulation of the onehole and onepartile spetra are inluded) even for the spetral funtions very good
agreement with the exat results. This gives some ondene, that the LMSPHFapproah an be onsidered as a
very good trunation sheme even for latties whih are far too large to allow for exat diagonalisation. Even where
omplete diagonalisation via the Lanzos method is still numerially possible, the LMSPHFapproah is muh faster.
Spin and linear momentum quantum numbers for the ground and the lowest exited state an reliably be predited
making use of the fat that for two eletrons with opposite spindiretions in two dierent momentum spae basis
orbits always the S = 1onguration is energetially favored with respet to the S = 0one. Thus, for halflled
latties with N/2 being odd the ground state has S = 0 and linear momentum ξ = 0, while the lowest exited state
has S = 1 and ξ = N/2. For halflled latties with N/2 even on the other hand one obtains S = 0 and ξ = N/2
for the ground and S = 1 and ξ = 0 for the rst exited state. The same spinorrelation an be used to predit the
quantum numbers of the lowest states away from halflling and is also supported by the observation that for almost
all linear momentum quantum numbers (exept for that of the ground state) the lowest state has always total spin
S = 1.
One of the niest features of the LMSPHFmethod is that it still an be improved rather easily. So, e.g., instead of
HFdeterminants generalized Slaterdeterminants of the HFBogoliubov (HFB) type an be used as basi building
bloks. This would inrease the number of real variational degrees of freedom (for the example of an S = 0state)
from 2Ne(2N − 2Ne) in the LMSPHFapproximation to 2N(2N − 1) for any number of eletrons. The prie one has
to pay for this, is an additional integration due to the (then neessary) projetion onto good total eletron number
in the alulation of all the matrixelements. Beause of the simple form of the interation, however, this should
not ause any serious problems. The resulting linear momentum, spin and number projeted HFBapproah would
onsequently aount for onsiderably more orrelations in eah single onguration than the LMSPHFmethod.
Furthermore, instead of using essentially only one symmetryprojeted onguration for eah state, orrelating
symmetryprojeted ongurations an be added and the underlying HF (or HFB) transformations again be de-
termined by variational alulations. Sine the energy gain obtained for a partiular state under onsideration due
to the last added onguration is by onstrution always smaller than the energy gain due to the last onguration
added before, this proedure (whih already has been applied suessfully to the nulear manybody problem [3℄) an
also give a hint on the quality of the solution even in latties, whih are too large to allow for an exat solution.
Last but not least, the proedure disussed in the present work an be extended easily to the 2dimensional Hubbard
model, whih is supposed to be of larger physial relevane than its 1dimensional simpliation. Then, obviously, the
total linear momentum beomes a 2dimensional vetor and one has to projet on eah of its omponents separately.
Thus again, with respet to the LMSPHFapproah disussed above only one additional integration is needed.
This leaves ample spae for future investigations and we are quite ondent that the variational approahes originally
devised for the nulear manybody problem will turn out to be rather useful even for more ompliated lattie Fermion
models than the simple 1dimensional version investigated in the present work.
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FIG. 1: Energy spetrum of the halflled N = 4lattie as obtained with interation strength U/t = 4 either by omplete
diagonalization or by the LMSPHFapproah out of se. IIB. In the latter ase eah of the states is represented by a single
linear momentum and spinprojeted Slaterdeterminant.
FIG. 2: Energies for some states of the halflled N = 12lattie as obtained using the interation strength U/t = 4 by various
approahes. The dierent olumns refer to a simple unprojeted HFalulation (HF), to HF with only linear momentum
(LMPHF), or only spinprojetion (SPHF) before the variation and to HF with restoration of the total linear momentum
and only the 3omponent of the total spin (LMSzPHF). Finally, the energies of the lowest few states obtained with linear
momentum and full spinprojetion before the variation as desribed in se.II B (LMSPHF) are ompared with those resulting
from a omplete diagonalization (EXACT).
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FIG. 3: Again for the halflled N = 12lattie and U/t = 4, the energy spetra for the lowest S = 0, S = 1 and S = 2 states
as obtained with the LMSPHFmethod for the various linear momentum quantum numbers ξ are displayed. Beause of the
degeneray of the ξ = 12− i with the ξ = i spetra for i = 1, . . . , 5, only the spetra for ξ = 0, . . . 6 are presented.
FIG. 4: For the halflled N = 12lattie and U/t = 4 the oupation numbers (eq. (66)) of the various basis states in the
(S = 0, ξ = 6)LMSPHFground state are ompared to those obtained by a omplete diagonalization (EXACT) and to those
expeted for a noninterating Fermigas. Idential oupation numbers are obtained for using only the lowest (m = 1) or the
lowest ve (m = 5) determinants in the alulation of the holespetral funtions.
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FIG. 5: Same as in Fig. 4, but for various interation strengths U/t. Sine in all ases the exat and LMSPHF-results annot
be distinguished, only the latter are displayed.
FIG. 6: Again for the halflled N = 12lattie and U/t = 4, the hole (eq. (65)) and partile (eq. (66)) spetral funtions are
plotted for all possible values of ξ±1 as funtions of the energy ω (= ǫh˜ and = ǫp˜, respetively). The upper part of the gure
has been obtained by using only the ground state determinant |D1〉 in the alulation for the spetral funtions (m = 1). Using
instead all the m = 5 determinants orresponding to the lowest ve states out of Fig. 2 in these alulations, one obtains the
results displayed in the lower part of the gure.
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FIG. 7: Again for the halflled N = 12lattie and U/t = 4, the hole spetral funtions for ξ = 0, . . . , 3 as obtained
with m = 5 determinants are plotted versus the exitation energy and ompared with the exat results omputed with the
Lanzosapproah as disussed in the text.
FIG. 8: Same as in Fig. 3, but for only 10 eletrons in the N = 12lattie.
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FIG. 9: Same as in Fig. 6, but for only 10 eletrons in the N = 12lattie. Here only the results obtained with one determinant
(m = 1) are presented.
FIG. 10: Same as in Fig. 2, but for the halflled N = 14lattie.
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FIG. 11: Same as in Fig. 3, but for the halflled N = 14lattie.
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FIG. 12: Again for the halflled N = 14lattie, the sum of the hole and the partilespetral funtion are displayed as
funtions of the exitation energy ω (in units of t) and the linear momentum k in units of (2π/N). The spetral funtions have
been obtained here by using the m = 5 determinants orresponding to the ve lowest LMSPHFsolutions in Fig. 10. In order
to obtain ontinuous funtions for eah state a Lorentzshape with onstant width of 0.05 t has been used.
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FIG. 13: Same as in Fig. 2, but for the halflled N = 30lattie. Again U/t = 4. Here no exat results are available to
ompare with.
FIG. 14: Same as in Fig. 4, but for the halflled N = 30lattie. Again U/t = 4, and no exat results are available.
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FIG. 15: For the halflled N = 30lattie with U/t = 4 the total number of states N(ω) out of eq. (68) is presented as funtion
of the exitation energy. Here only m = 1 determinant was used to obtain the onehole and onepartile states. Eah of these
states has been artiially broadened to a Lorentzshape with onstant width of 0.05 t.
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FIG. 16: (Color online) Same as in Fig. 12, but for the halflled N = 30lattie, and using only m = 1 determinant in the
alulation of the spetral funtions.
